Abstract. The purpose of this paper is to define the notion of an interval-valued fuzzy BCI-subalgebra (briefly, an i-v fuzzy BCI-subalgebra) of a BCI-algebra. Necessary and sufficient conditions for an i-v fuzzy set to be an i-v fuzzy BCI-subalgebra are stated. A way to make a new i-v fuzzy BCI-subalgebra from old one is given. The images and inverse images of i-v fuzzy BCI-subalgebras are defined, and how the images or inverse images of i-v fuzzy BCI-subalgebras become i-v fuzzy BCI-subalgebras is studied.
(III) x * x = 0, and (IV) x * y = 0 and y * x = 0 imply x = y, for every x, y, z ∈ X.
Note that the equality 0 * (x * y) = (0 * x) * (0 * y) holds in a BCI-algebra. A non-empty subset S of a BCI-algebra X is called a BCI-subalgebra of X if x * y ∈ S whenever x, y ∈ S. A mapping f : X → Y of BCI-algebras is called a homomorphism if f (x * y) = f (x) * f (y) for all x, y ∈ X.
We now review some fuzzy logic concepts. Let X be a set. A fuzzy set in X is a function µ : X → [0, 1] . Let f be a mapping from a set X into a set Y . Let ν be a fuzzy set in Y . Then the inverse image of ν, denoted by f −1 [ν] , is the fuzzy set in X defined by f −1 [ν] (x) = ν(f (x)) for all x ∈ X. Conversely, let µ be a fuzzy set in X. The image of µ, written as f [µ] , is a fuzzy set in Y defined by 
Now let us define what is known as refined minimum (briefly, rmin) of two elements in D [0, 1] . We also define the symbols "≥", "≤", and "=" in case of two elements in
and similarly we may have
Definition 2.1. A fuzzy set µ in a BCI-algebra X is called a fuzzy BCI-subalgebra
Interval-valued fuzzy BCI-subalgebras.
In what follows, let X denote a BCIalgebra unless otherwise specified. We begin with the following two propositions. Proof. For any x, y ∈ X, we have Proof. We first prove that
Suppose that f −1 y 1 * y 2 = ∅. Then we should consider the two cases:
Case (3.5) implies, from (3.2) , that
= sup
Since µ is a fuzzy BCI-subalgebra of X, it follows from the definition of a fuzzy BCIsubalgebra that
This completes the proof.
Example 3.4. Let X = 0,a,b,c be a BCI-algebra with the following Cayley table:
let an i-v fuzzy set A defined on X be given bȳ
It is easy to check that A is an i-v fuzzy BCI-subalgebra of X.
Proof. For every x ∈ X, we havē (3.11) this completes the proof. 
(3.13) 
(3.14)
Hence A is an i-v fuzzy BCI-subalgebra of X.
Conversely, assume that A is an i-v fuzzy BCI-subalgebra of X. For any x, y ∈ X, we have 
Let A be an i-v fuzzy set in X. Then A is an i-v fuzzy BCI-subalgebra of X if and only if the nonempty set
We then callŪ A; [δ 1 ,δ 2 ] the i-v level BCI-subalgebra of A. 
Proof. Assume that A is an i-v fuzzy BCI-subalgebra of X and let
we obtain
It follows that
. On the other hand, (3.23) and so
Theorem 3.9. Every BCI-subalgebra of X can be realized as an i-v level BCI-subalgebra of an i-v fuzzy BCI-subalgebra of X.
Proof. Let Y be a BCI-subalgebra of X and let A be an i-v fuzzy set on X defined bȳ
where (3.27) Similarly for the case x ∉ Y and y ∈ Y , we getμ
Therefore A is an i-v fuzzy BCI-subalgebra of X, and the proof is complete. (3.28) This implies that x * y ∈ Y . Hence Y is a BCI-subalgebra of X.
Proof. Assume that
A is an i-v fuzzy BCI-subalgebra of X. Let x, y ∈ Y . Then µ A (x) = [α 1 ,α 2 ] =μ A (y), and sō µ A (x * y) ≥ rmin μ A (x),μ A (y) = rmin α 1 ,α 2 , α 1 ,α 2 = α 1 ,α 2 .
Theorem 3.11. If A is an i-v fuzzy BCI-subalgebra of X, then the set
is a BCI-subalgebra of X.
, and sō (3.30) Combining this and Lemma 3.5, we getμ A (x * y) =μ A (0) , that is, x * y ∈ Xμ A . Hence Xμ A is a BCI-subalgebra of X.
The following is a way to make a new i-v fuzzy BCI-subalgebra from old one.
Theorem 3.12. For an i-v fuzzy BCI-subalgebra A of X, the i-v fuzzy set
Proof. Since the equality 0 * (x * y) = (0 * x) * (0 * y) holds for all x, y ∈ X, we haveμ
for all x, y ∈ X. Therefore A * is an i-v fuzzy BCI-subalgebra of X. Definition 3.13 (Biswas [1] ). Let f be a mapping from a set X into a set Y . Let B be an i-v fuzzy set in Y . Then the inverse image of B, denoted by f −1 [B] , is the i-v fuzzy set in X with the membership function given byμ
Lemma 3.14 (Biswas [1] 
